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Resolution of linear inverse problems

m Linear forward model noise

y =Hs+n
linear /‘\ —...
model N "ﬁ

H

n

lll-posed inverse problem: recover s from noisy measurements y

Bayesian prior

/- —logps(s)
s* = argmin |ly — Hs|; + MR(s)

N~ S——
/iata consistency  regularization

Gaussian-noise likelihood —logpy|g(n)

m Reconstruction as an optimization problem




Brief review of compressed sensing (CS)
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Theory of compressive sensing

m Generalized sampling setting (after discretization)
= Linear inverse problem: y =Hs+n
= Sparse representation of signal: s = Wx with ||x]jp = K < N,

= Equivalent N, x N, sensing matrix: A = HW

m Formulation of ill-posed recovery problem when 2K < N, < N,

(PO) min ||y — Ax||2 subjectto ||x||o < K
Li 2

m Theoretical result

Under suitable conditions on A (e.g., restricted isometry), the solution is unique
and the recovery problem (PO0) is equivalent to:

(P1) min|ly — Ax|%? subjectto |x||; < C
’ ' _ [Donoho et al., 2005
(P1) min[x[l, subjectto [y — Ax||3 < o? Candeés-Tao, 20086, ...]
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Constrained /; minimization = sparsifying effect
= Discrete signal to reconstruct: x = (z[n])nez

= Sensing operator H : /1 (Z) — RM
xw—z=H{z} = ((z,h1),...,{(x, has)) with hy, € Lo (Z)

= Closed convex set in measurement space: C ¢ RM

Representer theorem for constrained /; minimization

(P1) YV =arg min || st H{z} eC
xefl(Z)

is convex, weak*-compact with extreme points of the form

K
xsparse[‘] — Z ak5[ - nk] with K = ”xsparseHO S M.
k=1

If CS condition is satisfied,
then solution is unique

(U.-Fageot-Gupta IEEE Trans. Info. Theory, Sept. 2016)

Controlling sparsity

Measurement model:  y,, = (hm,x) +n[m], m=1,....M

M
. 2
Tsparse — arg 1min (Z |ym - <hmax>‘ + /\||m||€1>
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Geometry of I> vs. /1 minimization

m Prototypical inverse problem

min {[[y — Hx|]7, + M[x|[7,} < min|x]l, subjectto |y —Hx|7, <o

min {|ly — Hx|7, + Alx[le, } < min|x], subjectto [y —Hx]7, < o”

_ 1T
To C Y1 = hl X
7|
N
/’ \\
4 ~
4 \-
R e 7 231
~ "'
N ," e ‘7)6
N .
S P
Ml
{>-ball: |£L'1|2 + |£L'2|2 =Cy

{1 -ball: |$1‘ + |.’I}2| =(C;

Geometry of I> vs. /1 minimization

m Prototypical inverse problem

min { |y — Hx|[7, + A7} < min|x], subjectto |y —Hx|7, <o

min {|ly — Hx|7, + A|x[le, } < min|x], subjectto |y —Hx]|7, < o”
T

y1 =hyx

sparse extreme points
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2 fg-ba”: |JZ1|2 + |JZ2|2 = CQ

fl—ball: |(E1‘ + |£C2| = Cl

Configuration for non-unique ¢; solution




Sparsity and non-quadratic regularization

s* = argmin ||g — Hs|l; + AR(s)
N——— N——

data consistency  regularization

m /; regularization (Total variation) State-of-the-art in MRI
. . [Rudin-Osher, 1992;
R(s) = ||Ls||l¢, with L: gradient Lustig et al., 2007, ...]

lterative reweighted least squares (IRLS) or FISTA

Huber

m General potential functions N | Log

R(s) =3, ([Ls]n)
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10.1 DISCRETIZATION OF INVERSE PROBLEMS

= Two aspects
Discretization of physical forward model
Discretization of probability model

How?

By projection on a suitable set of basis functions
{Br(r)}kea
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Generalized innovation model

Theoretical framework: Gelfand’s theory of generalized stochastic processes

@ Specification of inverse operator
Functional analysis solution of SDE @
Very easy ! (after solving 1. & 2.)

innovation process —> L' —— sparse stochastic process

11
W s=L""w | L
— >

X = (p,w) l
Y = <907 S> = <L71*905 U)>
L «— L P—
@ Analysis step

Regularization operator
vs. wavelet analysis

Lévy exponent: f(w)

@ Characterization of continuous-domain white noise

Higher mathematics: generalized functions (Schwartz)
measures on topological vector spaces
Easy when: ; = L"¢;

Minlos-Bochner and Lévy-Khintchine theorems
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Discretization of reconstruction problem

Spline-like reconstruction model: s(r) = Z slk]Br(r) <+— s = (s[k])kea
keQ

m Innovation model

Ls = u = Ls (matrix notation)

w . | .
Discretization
s = L tw

m Physical model: image formation and acquisition
Ym = / $1(x)Nm(x)dx + n[m] = (s1,nm) +nfm], (m=1,..., M)
Rd

y=Yo+tn=Hs+n n: i.i.d. noise with pdf py

H]m k= (M, Bk) = / N (7)Br(r)dr: (M x K) system matrix
R4

py is part of infinitely divisible family

14




Posterior probability distribution

psiy (sly) = pyis(yls)ps(s) _ pn(y — Hs)ps(s) (Bayes’ rule)
| Py (y) v (y)
= %pw(y — Hs)ps(s)

u=0Ls = ps(s) xpu(Ls) = [lgeqpu([Lsk)

m Additive white Gaussian noise scenario (AWGN)

psy (sly) o exp <—M> 11 pu([Lslk)

... and then take the log and maximize ...
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General form of MAP estimator

suap = argmin ( [ly - Hs| + 0> ¥, @u(([Ls],))

= Gaussian: py(z) = \/QL Oe,mz/(%g) = Py(z) = ZLZxQ + O,
o o5
= Laplace: py(z) = el =  Oy(x) = Mz|+ Oy
Student: py () ! LT = Py(z) = ( +1)1 (1+2*)+C
] . xTr) = xIr) = \Tr — ) 10 x
bu B(r ) \a?+1 v 9/ 08 3

N
e,
o
1 Potential: ¢/ (z) = — log py(x)

at /
3v
2L ]
1F 4
0 . " . L

-4 -2 0 2 4
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px(x) Dx(x)=—-logpx(x)asx—0 Dy (x) as x — oo Smooth Convex
Gaussi N N Y Ye
aussian ag+ — ag+ — es es
07 202 0" 262
Laplace (A € R*) ap+ Al x| ap+ Alx| No Yes
Svm G R+ log(a6+a’,|x|2r’1+0(x2)), r<3/2 bo+ || — (r — Dlog|l N N
amma r € ; ) +|x|-(r—1log|x o o
ym g + g + O(|xminé2r-y 535 P 8
2.2
. n’x 4 n
Hyperbolic secant  ag+ —— +0 (x%) —logog+ —1|x| Yes Yes
80; 209
: + yr2) , 4 n
Meixner r, s € R a0+Tx +0(x*) b0+2—|x|—(r—1)log|x| Yes No
s s
Cauchy s e R* ap + i—j +0(xh by —log s +2log|x| Yes No
Sym Student r € R* ao+(r+%)x2+0(x4) bo+ 2r+1)log|x]| Yes No
3
SaS, a € (0,2],seR" ao+%‘il)x2+0(x4) bo—alogs+ (a+1)log|x] Yes No

I'(z) and Y (r) are Euler’s gamma and first-order poly-gamma functions, respectively (see Appendix C).

Table 10.1 Asymptotic behavior of the potential function ®x(x) for the infinite-divisible
distributions in Table 4.1.

17

LMMSE / Gaussian solution

. . 1 1
smap = arg min Co(s,y) with Cao(s,y) = = |y — Hs||3 + o= | Lcs|3
seRK 2 2

aC2 (Sa Y)
O0s

=

L =C

= -H"(y —Hs) + 0’L{Lgs = 0

—1
smar(y) = (H'H+0’L{Le)  H'y

m Equivalence with LMMSE solution (Wiener filter)

SLMMSE(y> = CSSHT (HCSSHT + Cnn)_l y

—1/2
SS

where C,, = E{ss”}

-1
Css —

LILg

and C,,,

= E{nn’} = ¢?1

H'HC,H” + s?C;!C,,H” = H"HC, H” + +s’H"
(H"H +o*C}}) C,;H" = H" (HC,,H" + ¢°I)
C..H” (HC,.H” 4+ ¢°T) "' = (H'H + ¢>C;!)  H”
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Proximal operator: pointwise denoiser

1
prosa, (y; 0%) = argmin -y — uf? + 0>@y (u)
ue

U = proxg,, (y; 1)

2@y (u)

linear attenuation {5 minimization
W soft-threshold ¢1 minimization
B shrinkage function ~ {, relaxation for p — 0
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Maximum a posteriori (MAP) estimation

m Constrained optimization formulation

Auxiliary innovation variable: u = Ls

(1 :
SMAP = arg min <§||y — Hs||3 + 02 ; @U([u]n)> subjectto u = Ls

m Augmented Lagrangian method

Quadratic penalty term: £ ||Ls — ul[3

Lagrange multiplier vector: o

1 p
Lals,ma) =5 g - Hs|[5 + 0% > &y ([u],) + a’ (Ls — u) + 5 ILs — Mk

20




Alternating direction method of multipliers (ADMM)
Lals,n,0) = ¢ g~ Hs|? + 023 ®u(ful,) +a” (Ls — ) + & Ls — ul3

Sequential minimization
sF*1 « arg min L4(s,u”, a®)
sERN

& a1 = af 4 p(LsH+! — ul)
uFt! « arg min £4(s*1, u, oY)

ucR®

Linear inverse problem:  s*! — (HTH + uL7L) ™" (HTy + z++1)

with  z*T = LT (pu® — oF)

. - . 2
Nonlinear denoising:  u**! = prox,,, (Ls* + %ak+1; 07)

m Proximal operator taylored to stochastic model

1
proxa, (y; A) = argmin -y — uf? + ADy (u)

R
Cauchy prior with increasing sg

10.3 RECONSTRUCTION OF BIOMEDICAL IMAGES

= Common image model and numerical set-up

= - spectral decay «+— (—A)

PR s =w (self-similar image model)

= Robust localization/decoupling L: discrete gradient magnitude (rotation invariant)

= Three flavors of potentials:

|z|? (Gaussian), |x| (Laplacian), log(x? + €) (Student)

= Deconvolution of fluorescent micrographs
= Magnetic resonance imaging

= X-ray tomography

22




Relevance of self-similariy for bio-imaging

23

Deconvolution of fluorescence micrographs

m Physical model of a diffraction-limited microscope

g(x,y,z) = (th*S)(x,y,Z) :)

3-D point spread function (PSF)

hsp(x,y,z) = Iy |p,\ (%’%,#”2 1

z

2 2
pale,y, 2) = / P(wy,ws) exp (j%zwl - ;"2> exp (—mw) dwydws
R2 2\ fg Ao

Optical parameters
= \: wavelength (emission)

= M : magnification factor

fo: focal length

P(w1,w2) = 1)y <R, pupil function
» NA = nsinf = Ry/ fo: numerical aperture

24




2-D convolution model

s(z,y) | 9(x,y) = (hop * s)(2,y)
Thin specimen lug';gj
Radial profile

B

with r = /22 +y2, rg = Q;RO ): first-order Bessel function.

m Airy disk:  hop(z,y) = Io ‘QJISZO)

m Modulation transfer function

2
2 <a,rccos (”“’”) — el fy (M> > , for0 < fjwl| < wo
s wo wo wo -

0, otherwise

hap (w) =

Cut-off frequency (Rayleigh): wo = 57 = -~ =5~
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2-D deconvolution: numerical set-up

m Discretization

wo < 7 and representation in (separable) sinc basis {sinc(x — &)}, -
Analysis functions: 7y, (x,y) = hop(z — m1,y — mo)
= (1), sinc(- — k))

= (hop(- — m), sinc(- — k))
= (sinc * th)(m — k) = hap(m — k).

[H]m k

)

H and L: convolution matrices diagonalized by discrete Fourier transform
m Linear step of ADMM algorithm implemented using the FFT

Sk+1 — (HTH + ,ULTL)_l (HTy + Zk+1)

with  z* = L7 (pu”® — o)
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Deconvolution experiments

(b)

Figure 10.3 Images used in deconvolution experiments. (a) Stem cells surrounded by goblet
cells. (b) Nerve cells growing around fibers. (c) Artery cells.

Table 10.2 Deconvolution performance of MAP estimators based on different prior

distributions.

Estimation performance (SNR in dB)
BSNR (dB) Gaussian Laplace Student’s

Stem cells 20 14.43 13.76 11.86
30 15.92 15.77 13.15

40 18.11 18.11 13.83

Nerve cells 20 13.86 15.31 14.01
30 15.89 18.18 15.81

40 18.58 20.57 16.92

Artery cells 20 14.86 15.23 13.48
30 16.59 17.21 14.92

40 18.68 19.61 15.94
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2D deconvolution experiment

Astrocytes cells

bovine pulmonary artery cells human embryonic stem cells

Disk shaped PSF (7x7)

L : gradient
Deconvolution results in dB Optimized parameters
Gaussian Estimator Laplace Estimator | Student’s Estimator
Astrocytes cells 12.18 10.48 10.52
Pulmonary cells 16.90 19.04 18.34
Stem cells 15.81 20.19 20.50




Magnetic resonance imaging (MRI)

m Physical image formation model (noise-free)

§(wm) = /R2 s(r)e Hwm:) qp (sampling of Fourier transform)

Equivalent analysis function: 7, (r) = e~J{@m.7)

m Discretization in separable sinc basis

[H]m,n = <77m, sinc(- - n)>

= (e H@Wmr) sine(- — n)) = e Hwnm)

Property: H' H is circulant (FFT-based implementation)
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MRI: Shepp-Logan phantom

Original SL Phantom Fourier Sampling Pattern
12 Angles

L : gradient
Optimized parameters

N

Laplace prior (TV) Student prior (log)




MRI phantom: Spiral sampling in k-space

Original Phantom
(Guerquin-Kern TMI 2012)

Laplace prior (TV)
SER =21.37 dB

Gaussian prior (Tikhonov)
SER =17.69 dB

Student prior
SER =27.22 dB

L : gradient
Optimized parameters
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MRI reconstruction experiments

Figure 10.4 Data used in MR reconstruction experiments. (a) Cross section of a wrist. (b)
Angiography image. (c) k-space sampling pattern along 40 radial lines.

Table 10.3 MR reconstruction performance of MAP estimators based on different prior

distributions.

Radial lines  Estimation performance (SNR in dB)
Gaussian  Laplace Student’s
Wrist 20 8.82 11.8 5.97
40 11.30 14.69 13.81
Angiogram 20 4.30 9.01 9.40
40 6.31 14.48 14.97
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X-ray tomography

Projection geometry: x = t0 + r0= with @ = (cosf,sin )

m Radon transform (line integrals)

Ry {s(x)}(t) = / s(t0 + 16 )dr

R

= /R2 s(x)o(t — (x, 0))dx

sinogram

Equivalent analysis functions: 7, () = 6 (¢, — (., 0:,))
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Properties of Radon transform

m Projected translation invariance

Ro{o(- — 20)}(t) = Ro{p}(t — (20,6))

m Pseudo-distributivity with respect to convolution -
po(w) = Re{pHw) = $(wcosh, wsin §)

Ro{p1 * 02} (t) = (Re{p1} * Ro{pa}) (t) Wy
)
m Fourier central-slice theorem D '\9
/ Ro{e}(t)e ' dt = ¢(w)|,_pe 2
R

Proposition: Consider the separable function p(x) = 1 (z)p2(y). Then,
Ro{p(- — 20)}(t) = @o(t — to)

where ty = (x¢, 0) and

po(t) = (|cols9|901(

) * |si119|902<

) ®):

cos sin 6
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Spline flowers

35

(@)

Figure 10.6 Images used in X-ray tomographic reconstruction experiments. (a) The
Shepp-Logan (SL) phantom. (b) Cross section of a human lung.

Table 10.4 Reconstruction results of X-ray computed tomography using different

estimators.
Directions  Estimation performance (SNR in dB)
Gaussian  Laplace Student’s
SL Phantom 120 16.8 17.53 18.76
SL Phantom 180 18.13 18.75 20.34
Lung 180 22.49 21.52 21.45
Lung 360 24.38 22.47 22.37
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